We study a vectorial asymptotically free gauge theory, with gauge group G and N f massless fermions in a representation R of this group, that exhibits an infrared (IR) zero in its beta function, β, at the coupling α = αIR in the non-Abelian Coulomb phase. For general G and R, we calculate the scheme-independent series expansions of (i) the anomalous dimension of the fermion bilinear,
I. INTRODUCTION
An important advance in the understanding of quantum field theory was the realization that the properties of a theory depend on the Euclidean energy/momentum scale µ at which they are measured. This is of particular interest in an asymptotically free non-Abelian gauge theory, in which the running gauge coupling g(µ) and the associated quantity α(µ) = g(µ)
2 /(4π) approach zero at large µ in the deep ultraviolet (UV). We shall consider a theory of this type, with gauge group G and N f massless fermions ψ j , j = 1, ..., N f , in a representation R of G. The dependence of α(µ) on µ is described by the renormalization-group (RG) [1] beta function, β = dα(µ)/dt, where dt = d ln µ. The condition that the theory be asymptotically free implies that N f be less than a certain value, N u , given below in Eq. (2.4). Since α(µ) is small at large µ, one can self-consistently calculate β as a power series in α(µ). As µ decreases from large values in the UV to small values in the infrared (IR), α(µ) increases. A situation of special interest occurs if the beta function has a zero at some value away from the origin. For a given G and R, this can happen for sufficiently large N f , while still in the asymptotically free regime. In this case, as µ decreases from large values in the UV toward µ = 0 in the IR, the coupling increases, but approaches the value of α at this zero in the beta function, which is thus denoted α IR . Since β = 0 at α = α IR , the resultant theory in this IR limit is scale-invariant, and generically also conformally invariant [2, 3] . A fundamental question concerns the properties of the interacting theory at such an IR fixed point (IRFP) of the renormalization group. There is convincing evidence that if α IR is small enough, then the IR theory is in a (deconfined) non-Abelian Coulomb phase (NACP), also called the conformal window [4] . In terms of N f , this phase occurs if N f is in the interval N f,cr < N f < N u , where N u and N f,cr depend on G and R. Here, N f,cr denotes the value of N f below which the running α(µ) becomes large enough to cause spontaneous chiral symmetry breaking and dynamical fermion mass generation.
Physical quantities in the IR-limit theory at α IR cannot depend on the scheme used for the regularization and subtraction procedure in renormalization. In conventional computations of these quantities, first, one expresses them as series expansions in powers of α, calculated to n-loop order; second, one computes the IR zero of the beta function at the n-loop (nℓ) level, denoted α IR,nℓ ; and third, one sets α = α IR,nℓ in the series expansion for the given quantity to obtain its value at the IR zero of the beta function to this n-loop order. However, these conventional series expansions in powers of α, calculated to a finite order, are scheme-dependent beyond the leading one or two terms. Specifically, the terms in the beta function are scheme-dependent at loop order ℓ ≥ 3 and the terms in an anomalous dimension are scheme-dependent at loop order ℓ ≥ 2 [5] . Indeed, as is well-known, the presence of scheme-dependence in higher-order perturbative calculations is a general property in quantum field theory.
It is therefore of great value to use a complementary approach in which one expresses these physical quantities at α IR as an expansion in powers of a variable such that, at every order in this expansion, the result is schemeindependent. A very important property is that one can recast the expressions for physical quantities in a manner that is scheme-independent. A crucial point here is that, for a given gauge group G and fermion representation R, as N f (formally generalized from non-negative integers to the real numbers) approaches the upper limit allowed by asymptotic freedom, denoted N u (given by Eq. (2.4) below), the resultant value of α IR approaches zero. This means that one can equivalently express a physical quantity in a scheme-independent manner as a series in powers of the variable
where C A is the quadratic Casimir invariant for the adjoint representation, and T f is the trace invariant for the fermion representation R [6] . Here, α IR → 0 ⇐⇒ ∆ f → 0. Hence, for N f less than, but close to N u , this expansion variable ∆ f is reasonably small, and one can envision reliable perturbative calculations of physical quantities at this IR fixed point in powers of ∆ f . Following the original calculations of the one-and two-loop coefficients of the beta function [7] - [9] , some early work on this was reported in [10, 11] . In this paper we consider a vectorial, asymptotically free gauge theory and present scheme-independent calculations, for a general gauge group G and fermion representation R, of two physical quantities in the IR theory at α IR of considerable importance, namely (i) the anomalous dimension, denoted γψ ψ,IR , of the (gauge-invariant) fermion bilinearψψ = , both evaluated at α = α IR . These are the highest orders in powers of ∆ f to which these quantities have been calculated. We give explicit expressions for these quantities in the special cases where G = SU(N c ) and the fermion representation R is the fundamental (F ), adjoint (adj), and symmetric and antisymmetric rank-2 tensors, (S 2 , A 2 ). Our results extend our previous scheme-independent calculations of γψ ψ,IR to O(∆ 3 f ) in [12] and of the derivative β ′ IR to O(∆ 4 f ) in [13] for general G and R, and our scheme-independent calculation of γψ ψ,IR to O(∆ 4 f ) for G = SU(3) and R = F in [14] (see also [15] ). A brief report on some of our results was given in [16] .
Scheme-independent series expansions of γψ ψ,IR and β We refer the reader to [12] and [13] for discussions of the procedure for calculating the coefficients κ j and d j . We denote the truncation of these series to maximal power j = p as γψ ψ,IR,∆ , respectively. Where it is necessary for clarity, we will also indicate the fermion representation R in the subscript.
Our main new results here include the general expressions, for arbitrary gauge group G and fermion representation R, for the coefficient, κ 4 in Eq. (3.5) below, and for the coefficient d 5 , given in Eq. (4.9) below, as well as reductions of these formulas for special cases and, for R = F , calculations in the LNN limit (3.21). As will be discussed further below, the derivative β ′ IR is equivalent to the anomalous dimension of the non-Abelian field strength squared, Tr(F µν F µν ). Our present calculations make use of the newly computed five-loop coefficient in the beta function for this gauge theory for general G and R in [17] , as our work in [14, 15] made use of the calculation of this five-loop coefficient for the case G = SU (3) and R = F in [18] .
In addition to being of interest and value in their own right, our new scheme-independent calculations, performed to the highest order yet achieved, are useful in several ways. First, we will compare our results for γψ ψ,IR and β ′ IR for various G and R with the values that we obtained at comparable order with the conventional n-loop approach in [19] - [21] . Our new results have the merit of being scheme-independent at each order in ∆ f , in contrast to scheme-dependent series expansions of γψ ψ,IR and β ′ IR in powers of the IR coupling. Second, there is, at present, an intensive program to study this IR behavior on the lattice [22] . Thus, it is of considerable interest to compare our scheme-independent results for γψ ψ,IR for various theories with values measured in lattice simulations of these theories. We have done this in [13, 14, 16] (as well as in our work on conventional n-loop calculations [15, 19] ), and we will expand upon this comparison here. Third, we believe that our scheme-independent expansions for these physical quantities are of interest in the context of the great current resurgence of research activity on conformal field theories (CFT). Much of this current activity makes use of operator-product expansions and the associated bootstrap approach [23] . Our method of scheme-independent series expansions for physical quantities at an IR fixed point is complementary to this bootstrap approach in yielding information about a conformal field theory.
Our calculations rely on α IR being an exact zero of the beta function and thus an exact IR fixed point of the renormalization group, and this property holds in the non-Abelian Couloumb phase (conformal window). In this phase, the chiral symmetry associated with the massless fermions is preserved in the presence of the gauge interaction. However, there has also been interest in vectorial asymptotically free gauge theories that exhibit quasi-conformal behavior associated with an approximate IRFP in the phase with broken chiral symmetry, which could feature a substantial value of an effective γψ ψ,IR ∼ O(1) [24] . Our scheme-independent calculations are also relevant to this area of research in two ways: (i) if N f < ∼ N f,cr , then the effective values of quantities such as γψ ψ,IR may be close to the values calculated via the ∆ f expansion from within the NACP; (ii) combining our calculations of γψ ψ,IR with an upper bound on this anomalous dimension from conformal invariance and an assumption that this bound is saturated as N f ց N f,cr yields an estimate of the value of N f,cr . This is useful, since the value of N f,cr for a given G and R is not known exactly at present and is the subject of current investigation, including lattice studies, as discussed further below.
Although most of our paper deals with new schemeindependent results for physical quantities, one of the ouputs of our calculations is a new type of series expansion for a scheme-dependent quantity, namely α IR . The conventional procedure for calculating the IR zero of a beta function at the n-loop order, which we have applied in earlier work to four-loop order for arbitrary G and R [19] - [21] (see also [25] ) is to examine the n-loop beta function, which has the form of α 2 times a polynomial of degree n − 1 in α, and then determine the n-loop value α IR,nℓ as the (real, positive) root of this polynomial closest to the origin. However, in [15] , we investigated the five-loop beta function for G = SU(3) and R = F , as calculated in the standard MS scheme, and found that, over a substantial range of values of N f in the non-Abelian Coulomb phase, it does not have any positive real root. We were able to circumvent this problem in [15] by the use of Padé approximants, but nevertheless, it is a complication for this conventional approach to calculating α IR . The new calculation of α IR as an expansion in powers of ∆ f up to O(∆ 4 f ) for general G and R that we present here has the advantage that it always yields a physical value, in contrast to the situation with the n-loop beta function.
The paper is organized as follows. Some relevant background and methods are discussed in Section II. We present our calculation of κ 4 in the scheme-independent expansion of γψ ψ,IR for general G and R in Section III, together with evaluations for G = SU(N c ) and R = F, adj, S 2 , and A 2 . These are compared with values from n-loop calculations and with lattice measurements. In this section we also present results for case R = F in the limit N c → ∞, N f → ∞, with N f /N c fixed, which we call the LNN limit. In Section IV we present our calculation of the coefficient d 5 in the scheme-independent expansion of β ′ IR for general G and R, with evaluations for the above-mentioned specific representations. Section V gives an analysis of the five-loop rescaled beta function in the LNN limit and a determination of the interval over which it exhibits a physical IR zero. Section VI is devoted to the calculation of the coefficients in an expansion of α IR in powers of ∆ f up to O(∆ 4 f ). Our conclusions are given in Section VII, and some auxiliary formulas are listed in an appendix.
II. BACKGROUND AND METHODS
In this section we review some background and methods relevant for our calculations. The series expansion of β in powers of α is 
An operator of particular interest is the (gauge-invariant) fermion bilinear,ψψ. The expansion of the anomalous dimension of this operator, γψ ψ , in powers of α is
where c ℓ is the ℓ-loop coefficient. As noted above, the coefficients b 1 , b 2 , and c 1 are scheme-independent, while the b ℓ with ℓ ≥ 3 and the c ℓ with ℓ ≥ 2 are scheme-dependent [5] . For a general gauge group G and fermion representation R, the coefficients b 1 and b 2 were calculated in [7] and [8] , and b 3 and b 4 were calculated in [27] and [28] (and checked in [29] ) in the commonly used MS scheme [30] . For G = SU(3) and R = F , b 5 was calculated in [18] and recently, an impressive calculation of b 5 for general gauge group G and fermion representation R was presented in [17] , again in the MS scheme. We also make use of the c ℓ up to loop order ℓ = 4, calculated in [31] . Although we use these coefficients as calculated in the MS scheme below, we emphasize that the main results of this paper are calculations of the quantities κ 4 and d 5 which, like all of the κ j and d j , are scheme-independent. We denote the n-loop β, β ′ , and γψ ψ as β nℓ , β ′ nℓ , and γψ ψ,nℓ . As discussed above, we denote the IR zero of β nℓ as α IR,nℓ , and the corresponding evaluations of β ′ nℓ and γψ ψ,nℓ at α IR,nℓ as β ′ IR,nℓ and γψ ψ,IR,nℓ . The symbols α IR , γψ ψ,IR , and β ′ IR refer to the exact values of these quantities.
For a given G and R, as N f increases, b 1 decreases through positive values and vanishes with sign reversal at N f = N u , with
where C A and T f are group invariants [6, 32] . Hence, the asymptotic freedom condition yields the upper bound
There is a range of N f < N u where b 2 < 0, so the two-loop beta function has an IR zero, at the value
The n-loop beta function has a double UV zero at α = 0 and n − 1 zeros away from the origin. Among the latter zeros of the beta function, the smallest (real, positive) zero, if there is such a zero, is the physical IR zero, α IR,nℓ , of β nℓ . As N f decreases below N u , b 2 passes through zero to positive values as N f decreases through
Hence, with N f formally extended from nonnegative integers to nonnegative real numbers [32] , β 2ℓ has an IR zero (IRZ) for N f in the interval
Thus, N ℓ is the lower (ℓ) end of this interval [33] As N f decreases in this interval, α IR,2ℓ increases. Therefore, in order to investigate the IR zero of the beta function for N f toward the middle and lower part of I IRZ with reasonable accuracy, one requires higher-loop calculations. These were performed in [34, 35] , [19] - [21] , [25] , [15] for α IR,nℓ and for the anomalous dimension of the fermion bilinear operator (see also [36, 37] ). Since the b ℓ with ℓ ≥ 3 are scheme-dependent, it is necessary to determine the degree of sensitivity of the value obtained for α IR,nℓ for n ≥ 3 to the scheme used for the calculation. This was done in [38] - [41] .
The nonanomalous global flavor symmetry of the theory is
This G f l symmetry is preserved in the (deconfined) nonAbelian Coulomb phase. As in [12] [13] [14] [15] [16] , we focus on this phase in the present work, since both the expansion in a small α IR and the scheme-independent expansion in powers of ∆ f start from the upper end of the interval I IRZ in this phase. In contrast, in the phase with confinement and spontaneous chiral symmetry breaking, the gauge interaction produces a bilinear fermion condensate, ψ ψ , and this breaks
We will consider the flavor-nonsinglet (f ns) and flavor-singlet (f s) bilinear fermion operators
j=1ψ j ψ j , where here T a with a = 1, ..., N 2 f −1 is an generator of the global flavor group SU(N f ). We will usually suppress the explicit flavor indices and thus write these operators asψT a ψ andψψ. These have the same anomalous dimension (e.g., [42] ), which we denote simply as the anomalous dimension for the flavor-singlet operator, γψ ψ . In vectorial gauge theories of the type considered here, these fermion bilinear operators are gauge-invariant, and hence the anomalous dimension γψ ψ and its IR value, γψ ψ,IR , are physical. (In contrast, in a chiral gauge theory, fermion bilinears are generically not gauge-invariant, and hence neither are their anomalous dimensions.)
Since α IR vanishes (linearly) with ∆ f as ∆ f → 0, we can express it as a series expansion in this variable, ∆ f . We thus write
The calculation of the a j requires, as input, the b ℓ with 1 ≤ ℓ ≤ j + 1 [12, 13] . A basic question concerns the part of the interval I IRZ in which the series expansions for γψ ψ,IR and β ′ IR in Eqs. (1.2) and (1.3) are reliable. We analyzed this question in [12] [13] [14] 16] and concluded that these expansions for γ IR and β ′ IR should be reasonably reliable throughout much of the interval I IRZ and non-Abelian Coulomb phase. We will use our higher-order calculations in this paper to extend this analysis here. We recall that the properties of the theory change qualitatively as N f decreases through the value N f,cr and spontaneous chiral symmetry breaking occurs, with the fermions gaining dynamical masses. The (chirally symmetric) non-Abelian Coulomb phase with N f,cr < N f < N u is clearly qualitatively different from the confined phase with spontaneous chiral symmetry breaking at smaller N f below N f,cr . Therefore, one does not, in general, expect the small-∆ f series expansion to hold below N f,cr . Estimating the range of applicability of this expansion is thus connected with estimating the value of N f,cr . For general G and R, as N f , formally continued from the nonnegative integers to the nonnegative real numbers, decreases from the upper end of the interval I IRZ at N u to the lower end of this interval at N f = N ℓ , ∆ f increases from 0 to the maximal value
Recall that for a function f (z) that is analytic about z = 0 and has a Taylor series expansion
the radius of convergence of this series, z c , can be determined by the ratio test
Of course, we cannot apply the full ratio test here, since we have only calculated the κ j and d j to finite order. However, we can get a rough measure of the range of applicability of the series expansions in ∆ f (and also ∆ r in the LNN limit [21] discussed below) by computing the ratios κ j−1 /κ j and d j−1 /d j for the values of j for which we have calculated these coefficients. The series expansion (1.2) for γ IR starts at ∆ f = 0, i.e., at the upper end of the non-Abelian Coulomb phase, and extends downward through this phase. Given that the theory at α IR in this phase is conformal, there is an upper bound from conformal invariance, namely [44] γψ ψ,IR ≤ 2 .
(2.13)
We have used this in our earlier work [12] [13] [14] [15] [16] 19 ] and we will apply it with our higher-order calculations here. As discussed in [19] , in the phase with spontaneous chiral symmetry breaking (SχSB), there is a similar upper bound, γψ ψ,IR < 2. This follows from the requirement that if m(k) is the momentum-dependent running dynamical mass generated in association with the SχSB, then lim k→∞ m(k) = 0 (see Eqs. (4.1)-(4.2) of [19] ). Thus, if the approximate calculation of the anomalous dimension of a given quantity at a fixed value of ∆ f , computed up to order ∆ p f , yields a value greater than 2, then we can infer that the perturbative calculation is not applicable at this value of ∆ f or equivalently, N f .
In particular, this can give information on the extent of the non-Abelian Coulomb phase and the value of N f,cr . The application of this bound is particularly powerful in the context of our present scheme-independent calculations because we find that the κ j in Eq. (1.2) are positive for all of the representations considered here, and hence, for a given p, γ IR,∆ p f is a monotonically increasing function of ∆ f or equivalently it increases monotonically as N f decreases from its upper limit, N u . If one assumes that γ IR saturates its upper bound, (2.13) and if a calculation of γ IR is reliable in the regime where it is approaching 2 from below, then one can, in principle, determine the value of N f,cr , where γ IR reaches this upper bound after approaching it from below. In this context, it should be mentioned that in a supersymmetric (vectorial) gauge theory (SGT) with N f pairs of massless chiral superfields transforming according the representations R andR of a gauge group G, the exact expression for γ IR is known [45, 46] , and (i) it increases monotonically with decreasing N f in the NACP; and (ii) it saturates its upper bound (which, in the SGT case is γ IR,SGT ≤ 1) at the lower end of the non-Abelian Coulomb phase. Specifically, in this supersymmetri gauge theory, the upper and lower ends of the NACP occur at [32] 14) and
and
Thus, γψ ψ,IR,SGT increases from 0 to 1 as N f decreases from N u,SGT to N ℓ,SGT . However, it is not known if this saturation occurs in the non-supersymmetric case.
In practice, we are only able to apply this test in an approximate manner because for a given G and R, as N f decreases toward the lower part of I IRZ , the ratio test already shows that higher-order terms in the ∆ f expansion are becoming increasingly non-negligible, so that the truncation of the infinite series (1.2) to maximal power p = 4 involves an increasingly great uncertainty, as does an extrapolation to p = ∞.
For some perspective, we note that in order to asses the accuracy of the ∆ f expansion, the coefficients κ j,SGT were calculated for j = 1, 2 in [12] and were found to be in perfect agreement with the corresponding Taylor series expansion of the exact expression (2.16). This check was carried to one higher order in [16] for the case G = SU(N c ) and R = F with a calculation of γ IR,SGT,∆ 3 f , and again, perfect agreement was found with the exact result. This agreement explicitly demonstrated the scheme independence of the κ j,SGT , since the calculations were carried out using inputs computed in the DR scheme, while (2.16) was derived in the NSVZ scheme [45] . Furthermore, as a consequence of electric-magnetic duality [46] , as N f ց N ℓ,SGT in the non-Abelian Coulomb phase, the physics is described by a magnetic theory with coupling strength going to zero, or equivalently, by an electric theory with divergent α IR . Therefore, this perfect agreement, order-by-order, between the κ j,SGT and the expansion of the exact expression (2.16) for γ IR,SGT in powers of ∆ f , showed that the ∆ f expansion in this supersymmetric gauge theory is able to treat situations with strong, as well as weak, coupling. This could not be done with conventional perturbative series expansions in powers of α [36, 37] .
A. General G and R The coefficients κ j in the scheme-independent expansion of γψ ψ,IR in powers of ∆ f , Eq. (1.2), contain important information about the theory. For a general asymptotically free vectorial gauge theory with gauge group G and N f massless fermions in a representation R, the coefficients κ j were given in [12] up to order j = 3, yielding the expansion of γψ ψ,IR to order ∆ 3 f . It is convenient to define
since this factor occurs repeatedly in denominators of various expressions. For reference, we list the κ j for 1 ≤ j ≤ 3 below:
2)
3) and
Here, ζ s = ∞ n=1 n −s is the Riemann zeta function, the quantities C A , C f , and T f are group invariants, the contrac-
are additional group-theoretic quantities given in [28] , and d A is the dimension of the adjoint representation of G. In [12, 13] , the expression for κ 3 was given with terms written in order of descending powers of C A . It is also useful to express this coefficient κ 3 in an equivalent form that renders certain factors of D explicit and shows the simple factorization of terms multiplying ζ 3 , and we have done this in Eq. (3.4).
Our new result here for κ 4 for a general gauge group G and fermion representation R is
Here, d R is the dimension of the fermion representation R. As before, we have indicated the simple factors in the prefactor and, for sufficiently simple cases, also factorizations of numbers in numerator terms. We will follow the same format for indicating numerical factorizations below. We proceed to evaluate this general expression for the gauge group G = SU(N c ) and several specific fermion representations R, namely the fundamental, adjoint, and symmetric and antisymmetric rank-2 tensor. As stated in the introduction, we will use the abbreviations F , adj, S 2 , and A 2 to refer to these representations. It is also worthwhile to evaluate our general formulas for other gauge groups and their representations, including orthogonal, symplectic, and exceptional groups. We will report these evaluations for other groups and their representations elsewhere. There has, indeed, been interest in conformal phases for theories with these other gauge groups [47] .
The coefficients κ 1 and κ 2 are manifestly positive for all G and R. For G = SU(N c ) with all physical N c , and for representations R = F, adj, S 2 , we have found that κ 3 and κ 4 are also positive [12] - [16] . As one of the results in the present paper, we generalize this further to include R = A 2 . That is, for all physical N c and for all of these representations, we find that κ j > 0 for j = 3, 4 as well as the manifestly positive cases j = 1, 2. Thus, extending our previous discussion in [12] - [16] , the property that, for all of these representations R, κ j > 0 for 1 ≤ j ≤ 4 and for all N c implies two important monotonicity results: (i) for these R, and with a fixed p in the interval 1 ≤ p ≤ 4,
is a monotonically increasing function of ∆ f , i.e., it increases monotonically with decreasing N f ; and (ii) for these R, and with a fixed N f ∈ I IRZ , γψ ψ,IR,∆ p f is a monotonically increasing function of p in the range 1 ≤ p ≤ 4. In addition to the manifestly positive κ 1 and κ 2 , a plausible conjecture is that, for these R, κ j > 0 for all j ≥ 3. Assuming that this conjecture is valid, then three consequences are that for these representations R,
is a monotonically increasing function of ∆ f , i.e. it increases with decreasing N f , for all p; and hence (v) (assuming that the infinite series (1.2) converges), the quantity γψ ψ,IR defined by this infinite series, and equivalent to lim p→∞ γψ ψ,IR,∆ p f , is a monotonically increasing function of ∆ f , i.e., it increases monotonically with decreasing N f .
B. γψ ψ,IR,∆ 4 f for G = SU(Nc) and R = F An important special case is G = SU(N c ) with R being the fundamental representation. For this case, the general expression for the interval I IRZ , Eq. (2.7), is [32] 
The factor D in Eq. (3.1) has the explicit form
The general results for κ p with 1 ≤ p ≤ 3 in (3.2)-(3.4) from [12] take the following forms given in [13] :
For κ 4,F , we have [16] We have checked that when we substitute the value N c = 3 in our expression for κ 4,F in Eq. (3.11), the result agrees with our previous calculation of κ 4,F for this case in Eq. (9) of Ref. [14] .
The explicit numerical expressions for the schemeindependent series expansions of γψ ψ,IR to order ∆ SU(2) :
and SU (4) :
(3.14)
(labelled as γψ ψ,IR on the vertical axis in this and subsequent graphs) for Nc = 2, i.e., G = SU(2), and 1 ≤ p ≤ 4 as a function of N f ∈ IIRZ. From bottom to top, the curves (with colors online) refer to γψ ψ,IR,
In these equations,
for N c = 2 and N c = 3 and 1 ≤ p ≤ 4 were given in [16] . These showed the two monotonicity properties mentioned above. For an extended comparison, we show the plots of γψ ψ,IR,F,∆ In Table I we list the values of γψ ψ,IR,F,∆ with our earlier n-loop calculations in [19] , using series expansions in powers of α evaluated at α = α IR,nℓ for 1 ≤ n ≤ 4 with b 3 and b 4 and c n , 2 ≤ n ≤ 4 calculated in the MS scheme. (See Table VI in [19] for a list of numerical values of values of γψ ψ,IR,nℓ .) As discussed above, if, for a given N c and N f , a calculated value of γψ ψ,IR violates the upper bound γψ ψ,IR ≤ 2 in (2.13), this is unphysical (marked with a symbol "u" in Table I ) and indicates that the perturbative calculation is unreliable and hence not applicable for this N f . In the case of the n-loop values γ IR,nℓ , if this occurs at the twoloop level, it also leads to caution concerning γ IR,nℓ for n = 3, 4, and this is similarly indicated with a "u". The computations of γ IR,nℓ in [19, 25] made use of the b n and c n up to the n = 4 loop level, where the scheme- dependent b 3 , b 4 , and c n with 2 ≤ n ≤ 4 had been calculated in the widely used MS scheme [27] [28] [29] 31 ]. As we pointed out in [15] , the five-loop beta function in the MS scheme does not exhibit a physical IR zero over a substantial lower part of I IRZ . We discuss this further below. For compact notation, we will often leave the subscriptψψ implicit on these and other quantities and thus write γψ ψ,IR ≡ γ IR , γψ ψ,IR,nℓ ≡ γ IR,nℓ , etc. From Eqs. with the (SD) γ IR,p ′ ℓ for p ′ = p and p ′ = p + 1. In the upper and middle part of the interval I IRZ for a given N c , we find that γ IR,∆ 4 f is slightly larger than γ IR,4ℓ , with the difference increasing as N f decreases below N u , i.e., as ∆ f increases.
It is important to assess the range of applicability and reliability of these results from the ∆ f expansion. We did this in [12] [13] [14] and extend our analysis here, using our new result for κ 4 . Following our discussion above on the ratio test for the determination of the radius of convergence of a Taylor series, the ratios of successive coefficients, κ j−1 /κ j , give an approximate measure of the range of applicability of the ∆ f expansion for γ IR . For a given G and R, this range may be compared with the maximum size of ∆ f in the interval I IRZ where the scheme-independent two-loop beta function β 2ℓ has an IR zero. For the present case of G = SU(N c ) and R = F , the general formula (2.10) takes the form
. We begin by reviewing the SU(3) theory, for which
As discussed in [12] [13] [14] , these results suggest that for the SU(3) theory with R = F , the ∆ f expansion calculated to this order should be reasonably reliable over a substantial part, including the upper and middle portions, of the interval I IRZ and the non-Abelian Coulomb phase.
Using our new results, we now extend this analysis to the SU(2) and SU (4) theories (and will give a further analysis in the LNN limit of Eq. (3.21)). We find
and SU(4) :
Since (∆ f ) max has the respective values 5.45 and 11.39 for the SU(2) and SU(4) theories, we are led to the same conclusion for these theories that we reached for the SU(3) theory, namely that the ∆ f expansion should be reasonably reliable over a substantial portion of the respective intervals I IRZ . As discussed above, another way to assess the range of applicability of the ∆ f expansion is to check to see whether the resultant values of γ IR,∆ p f obey the upper bound γ IR ≤ 2 in (2.13). As is evident from Table I , all of our values of γ IR,∆ p f listed there obey this bound. This again shows the advantages of the scheme-independent ∆ f expansion as a way of calculating γ IR to a given order, as compared with the conventional n-loop calculation of γ IR,nℓ . As is also evident from Table I for each of the cases listed there, namely N c = 2, 3, 4, one finds unphysically large values of γ IR,nℓ for values of N f in the lower portions of the respective intervals I IRZ . In [19] and later works we explained this as a consequence of the fact that, for a given G and R, as N f decreases toward N ℓ in the interval I IRZ , the coupling α IR increases from weak toward strong coupling. Thus, toward the lower end of the respective intervals I IRZ , the IR coupling α IR,nℓ become too large for the perturbative n-loop calculations of γ IR,nℓ to be applicable. In contrast, the ∆ f expansion can be applied over a considerably greater portion of the interval I IRZ to yield results for γ IR,∆ p f that obey the upper bound (2.13). We will show this further below for the LNN limit (3.21) . This also demonstrates that the ∆ f expansion for γ IR is able to be used in situations with substantially stronger IR coupling than is the case with the conventional expansion in powers of this coupling yielding the n-loop value γ IR,nℓ .
We proceed to compare our values in Table I with lattice measurements. The SU(3) theory with R = F and N f = 12 has been the subject of many lattice measurements. In [14] , we compared our results for this theory with lattice measurements, so we only briefly review that discussion here. We recall that there is not, at present, a consensus among all lattice groups as to whether this theory is in an IR-conformal phase or is in a chirally broken phase [22] . There is a considerable spread of values of γ IR in published papers, including the values (where uncertainties in the last digits are indicated in parentheses) γ IR ∼ 0.414 (16) [48] , γ IR ≃ 0.35 [49] , γ IR ≃ 0.4 [50] , γ IR = 0.27(3) [51] , γ IR ≃ 0.25 [52] (see also [53] ), γ IR = 0.235(46) [54] , and 0.2 < ∼ γ IR < ∼ 0.4 [55] . We refer the reader to [22] and [48] - [55] for discussions of estimates of overall uncertaintites in these measurements. Our value γ IR,∆ 4 f = 0.338 and our extrapolated value for lim p→∞ γ IR,∆ p f = γ IR , namely γ IR = 0.40, are consistent with this range of lattice measurements and are somewhat higher than our five-loop value γ IR,5ℓ = 0.255 from the conventional α series that we obtained in [15] . It is hoped that further work by lattice groups will lead to a consensus concerning whether this theory is IR conformal or not and concerning the value of γ IR .
The SU(3) theory with N f = 10 has been investigated on the lattice in [56] , with the result γ IR ∼ 1. While our highest-order n-loop values, namely our four-loop result, γ IR,4ℓ = 0.156 [19] , and our five-loop result, γ IR,5ℓ = 0.211 obtained using Padé methods [15] , are smaller than this lattice value, our extrapolated scheme-independent value, γ IR = 0.95 ± 0.06 [14] , is consistent with it.
There have also been a number of lattice studies of the SU(3) theory with N f = 8 [57] [58] [59] , which have yielded the estimate γ IR ≃ 1. As is evident from Fig. 2 , if we were to continue the curve for γ IR,∆ 4 f plotted there downward further to N f = 8, the resultant value would be compatible with γ IR ∼ 1. We note that this theory may well be in the chirally broken phase, and there is not yet a clear consensus as to whether it is in this phase or possibly near the lower end of the IR-conformal non-Abelian Coulomb phase. In this context, one may recall that if, for a given G and R, N f < N f,cr , so that there is spontaneous chiral symmetry breaking, then the IR zero of the beta function is only approximate, since the theory flows away from this value as the fermions gain dynamical mass and are integrated out, leaving a pure gluonic low-energy effective field theory. For such a theory, the quantity extracted from either continuum or lattice analyses as γ IR is only an effective anomalous dimension that describes the renormalization-group behavior as the theory is flowing near to the approximate zero of the beta function. A general comment is that the determination of N f,cr relies upon effective methods to analyze the lattice data [22] ; progress on this continues [48] - [61] .
Theories with an SU(2) gauge group and N f = 8 have been of interest in the context of certain ideas for physics beyond the Standard Model (SM) [62] , in which the number of Dirac fermions is N f = N wk (N c + 1) = 8, where N wk = 2, corresponding to the SU(2) factor group in the SM and N c = 3 colors. There have been several lattice of this SU(2) theory with N f = 8, including [22, 63, 64] . These are consistent with this theory being IR-conformal, and the recent study [64] has reported the measurement γ IR = 0.15 ± 0.02. For comparison, as listed in Table  I , our previous higher n-loop values were γ IR,3ℓ = 0.272 and γ IR,4ℓ = 0.204 [19] , and our current highest-order scheme-independent value is γ IR,∆ 4 f = 0.298. These are somewhat higher than this lattice result.
There have also been a number of lattice studies of the SU(2) theory with N f = 6 [22, [65] [66] [67] . From this work, it is not yet clear if this theory is IR-conformal or chirally broken. Ref. [66] obtained the range 0.26 < γ IR < 0.74, while Ref. [67] found γ IR ≃ 0.275. Our higher-order scheme-independent values, as listed in Table I , in particular, γ IR,∆ 4 f = 0.698, are in agreement with the range given in [66] and are somewhat higher than the value from [67] . We will use the symbol lim LN N for this limit, where "LNN" stands for "large N c and N f " with the constraints in Eq. (3.21) imposed. This is also called the 't HooftVeneziano limit. Anticipating our later discussion of theories with fermions in two-index representations (adjoint and symmetric and antisymmetric rank-2 tensor), we will use the symbol lim LN , where "LN" stands for "large N c ", to denote the original 't Hooft limit 3.22) and N f fixed and finite. Continuing our discussion of the LNN limit, as relevant to theories with fermions in the fundamental represention, we define the following quantities in this limit:
and (to the indicated floating-point accuracy). With I IRZ : N ℓ < N f < N u , it follows that the corresponding interval in the ratio r is I IRZ,r : 34 13 < r < 11 2 , i.e., 2.615 < r < 5.5 (3.28)
The critical value of r such that for r > r cr , the LNN theory is IR-conformal and for r < r cr , it exhibits spontaneous chiral symmetry breaking is denoted r cr and is defined as
We define the scaled scheme-independent expansion parameter for the LNN limit
As r decreases from r u to r ℓ in the interval I IRZ,r , ∆ r increases from 0 to a maximal value (∆ r ) max = r u − r ℓ = 75 26 = 2.8846 for r ∈ I IRZ,r .
(3.31)
We define rescaled coefficientsκ j,F
that are finite in this LNN limit. The anomalous dimension γ IR is also finite in this limit and is given by
(3.33) From the results for κ j , j = 1, 2, 3 in [12] or the special cases given above for G = SU(N c ) and R = F in Eqs. (3.8)-(3.10), we havê Using these results for γ IR,F,∆ p r with 1 ≤ p ≤ 4 for R = F in the LNN limit, we can now carry out a polynomial extrapolation to p = ∞. To do this, we fit an expression for γ IR,F,∆ p r with some subset of the p terms to a polynomial in 1/p. We denote the resultant value generically as γ IR,F,s , where here s denotes the subset of the p terms used for the extrapolation. We shall use, as a necessary condition for γ IR,F,s to be reliable, the requirement that it not differ too much from the highest-order value, γ IR,F,∆ 4 r . Quantitatively, we require that for the given subset s, γ IR,F,s /γ IR,F,∆ 4 r < 1.5. We find that this condition is satisfied if r ∈ I IRZ,r is r > ∼ 3.5, but that it is not satisfied as r decreases below this value toward the lower end of the interval I IRZ,r at r ℓ = 2.615. As an example, at r = 4.0, depending on the subset of terms used for the extrapolation, we obtain γ IR,F,s /γ IR,F,∆ 4 r ≃ 1.2, while at r = 3.6, this ratio increases to ≃ 1.4. We remark that the value r = 4.0 corresponds to N f = 12 for the SU(3) theory and N f = 8 for the SU(2) theory.
Previously, in [14] we performed this analysis for the special case G = SU(3) and R = F and, for that work, we studied how the extrapolated value depends on the subset of terms that one includes for the fit. We perform the corresponding analysis here for this LNN case. We study three sets of terms: As r decreases in the interval I IRZ,r , the differences between the extrapolations using the different sets of terms increase slightly, e.g., for a value roughly in the middle of this interval, namely r = 4.0, we find
Toward the lower part of the interval I IRZ,r , these differences increase further, but also, as discussed above, for a given r, all of the different types of extrapolations involve greater uncertainties, since each of the extrapolated values differs more from the value of highest-order explicitly calculated quantity, γ IR,∆ 4 r . For example, for r = 3.0, r = 3.0 =⇒ γ IR,F,ex34 = 1.335, γ IR,F,ex234 = 1.645,
The ratios of these values divided by the highest-order explicitly calculated value, γ IR,F,∆ 4 r , are
Given our fiducial requirement that the ratio of the extrapolated value for p → ∞ divided by the highest-order explicitly calculated value, should not be greater than 1.5 for the extrapolation to be considered reasonably reliable, it follows that we would not consider the latter two extrapolations in Eq. (3.53) to be sufficiently reliable to meet this requirement. It is interesting to compare these scheme-independent calculations of γ IR,F,∆ p r to order 1 ≤ p ≤ 4 with the results from the conventional n-loop calculations as truncated expansions in α IR,F,nℓ , denoted γ IR,F,nℓ from Table V of [21] up to n = 4 loop order. We list our schemeindependent values together with these n-loop values in Table II . For each value of r, we also include the extrapolated value, γ IR,F,ex234 for the p → ∞ limit, and the ratio γ IR,F,ex234 /γ IR,∆ 4 r . We do not include the results from the n = 5 loop conventional calculation, because of
the absence of a physical IR zero in the five-loop beta function for 2.615 < r < 4.323 in I IRZ,r . Although the extrapolated values γ IR,F,ex234 for r values below r = 3.5 are included, we caution that these do not satisfy our fiducial criterion for sufficient reliability of extrapolation, since they differ by too much from our highest-order calculated values, γ IR,∆ 4 r . For this reason, although we can roughly apply the method discussed in Section II to use the extrapolated value of γ IR to estimate the lower end, r cr , of the IR-conformal non-Abelian Coulomb phase (defined in Eq. (5.3)), this involves a substantial degree of uncertainty. Bearing this caveat in mind, the resulting estimate would be that r cr ∼ 2.7. If one were to pull back from the LNN limit and multiply this value of r cr by a specific finite value of N c to get an estimate of the corresponding N f,cr , then, for example, for N c = 3, i.e., G = SU(3), this would yield N f,cr ∼ 8. This estimate is consistent with the estimate 8 < ∼ N f,cr < ∼ 9 that we derived from our calculation of γ IR,F,∆ 4 f for this theory and extrapolation to obtain lim p→∞ γ IR,F,∆ p f in [14] . Clearly, the lower that one goes in N c away from the LNN limit, the greater is the error in performing this conversion from a specific r value in the LNN limit to a corresponding ratio N f /N c with finite N f and N c , so we do not perform this conversion for N c = 2.
In Fig. 4 we plot γ IR,F,∆ p r , i.e., the value of γ IR for R = F , calculated to order ∆ p r with 1 ≤ p ≤ 4, in the scheme-independent expansion, as a function of r ∈ I IRZ,r . As a consequence of the positivity of thê κ p,F in Eqs. (3.34)-(3.36), for a fixed r, γ IR,F,∆ p r is a monotonically increasing function of the order of calculation, p. As r decreases toward the lower end of the interval I IRZ,r at r = r ℓ = 2.615, the value of γ IR calculated to the highest order in this LNN limit, namely O(∆ 4 r ), is slightly greater than 1.
As we did for specific SU(N c ) theories above, here we proceed to investigate the range of applicability of the scheme-independent series expansion for γ IR in the LNN limit. As is evident from Table II, all of our values of γ IR,F,∆ p r for 1 ≤ p ≤ 4 satisfy the bound γ IR ≤ 2. This is also true for all of our extrapolated values, γ IR,F,ex234 , except for the lowest value of r listed, namely r = 2.8, for which γ IR,F,ex234 = 2.09, slightly above this bound. Thus, these results in the LNN limit again demonstrate the advantage of the scheme-independent expansions, since they enable us to calculate self-consistent values of γ IR,F,∆r over a greater range of the interval I IRZ,r than is the case with the conventional n-loop calculations. To show the latter in detail, we have explicitly listed the values of γ IR,F,3ℓ and γ IR,F,4ℓ for values of r where γ IR,F,2ℓ was unphysically large.
To investigate the range of applicability of the schemeindependent expansions further, it is worthwhile to obtain an estimate of this range from ratios of successive coefficients. From the coefficientsκ j,F that we have calculated with 1 ≤ n ≤ 3, we compute the ratioŝ Here we present our results for the κ j coefficients and thus γψ ψ,IR,∆ j f with 1 ≤ j ≤ 4 for G = SU(N c ) and N f fermions in the adjoint representation, R = adj. We will usually denote these as κ j,adj and γψ ψ,IR,adj,∆ j f but sometimes, when no confusion will result, we will omit this adj subscript for brevity of notation.
In this theory, Eqs. (2.6) and (2.6) yield, for the upper and lower ends of the interval I IRZ , the values N u,adj = 11 4 = 2.75 (3.58) and 59) so this interval includes only one integral value of N f , namely N f = 2. We note that since the adjoint representation is self-conjugate, a theory with N f Dirac fermions with R = adj is equivalent to a theory with N f,Maj = 2N f Majorana fermions. Hence, here, one may also allow the half-integral values N f = 3/2, 5/2 corresponding to N f,Maj = 3, 5. We have
For this case, the factor D in Eq. (3.1) is simply D = 18. In [13] we gave the coefficients κ j,adj for 1 ≤ n ≤ 3. These are as follows: The coefficients κ 1,adj and κ 2,adj are manifestly positive, and we find that for all physical N c , the coefficients κ 3,adj and κ 4,adj are also positive. Although κ 1,adj and κ 2,adj are independent of N c , the coefficients κ j,adj for j = 3, 4 do depend on N c . We find that κ 3,adj and κ 4,adj are, respectively, monotonically increasing and monotonically decreasing functions of N c . The N c → ∞ limits of κ 3,adj and κ 4,adj are given by the respective first terms in Eqs. Table III we list values of γψ ψ,IR,adj,∆ p f with 1 ≤ p ≤ 4 for N f = 2 and N c = 2 and N c = 3. For comparison, we also include our n-loop values γψ ψ,IR,adj,nℓ calculated in the conventional manner via power series in the coupling (in the MS scheme), from Table VIII of [19] .
Among SU(N c ) theories with fermions in the adjoint representation, the SU(2) theory with N f = 2 (Dirac) fermions has been of particular interest [69] . In the following, for notational brevity, the subscript adj is understood implicitly. For this theory, as listed in Table III .556, which are close to our earlier higherorder n-loop calculations in [19] , namely γ IR,3ℓ = 0.543 and γ IR,4ℓ = 0.500. It is of interest to compare these values with the results of lattice studies. There have been a number of such studies, and these are consistent with the conclusion that this theory is conformal in the infrared [70] - [77] , [22] . These studies have yielded a rather large range of measured values for γ IR , including the following (where the published estimated uncertainties in the last digits are indicated in parentheses): γ IR = 0.49 (13) [70] , γ IR = 0.22 (6) [71] , γ IR = 0.31 (6) [72], γ IR = 0.17(5) [73] , γ IR = 0.37(2) [74] , γ IR = 0.20(3) [75] , and γ IR = 0.50 (26) [76] . (See these references and [77] for additional discussion of estimates of overall uncertainties.) Our scheme-independent calculation of γ IR to O(∆ 4 f ) and our earlier n-loop calculations of γ IR,nℓ up to n = 4 loops are clearly consistent with the larger among these lattice values. Before carrying out a comparison of our results with the full set of lattice values, it will be necessary to narrow the current wide range of lattice measurements.
It is of interest to investigate the N c → ∞ limit for an SU(N c ) gauge theory with fermions in the adjoint representation. Since in this case, the upper and lower ends of the interval I IRZ , given by N u = 11/4 in Eq. (3.58) and N ℓ = 17/16 in Eq. (2.6) are independent of N c , it follows that ∆ f is also independent of N c . Hence, for R = adj, Here we present our results for the κ j coefficients and thus γψ ψ,IR,∆ j f with 1 ≤ j ≤ 4 for G = SU(N c ) and N f fermions in the symmetric and antisymmetric rank-2 tensor representations of SU(N c ), S 2 and A 2 . Since many formulas for these two cases are simply related to each other by sign reversals in certain terms, it is convenient to treat these cases together. As before [19] , we shall use the symbol T 2 (rank-2 tensor) to refer to these cases together. (Do not confuse this use of T with our use of the symbol T in Section VII of Ref. [13] for the anomalous dimension of the operatorsψσ µν ψ and operatorsψT a σ µν ψ, where it referred to the antisymmetric Dirac tensor
The values of N u and N ℓ for R = T 2 are [19] 68) and
so that
The factor D in Eq. (3.1) takes the explicit form 
. Here, using our general results (3.2)-(3.5), we give explicit expressions for the κ j with 1 ≤ j ≤ 4 for the case G = SU(N c ) and fermion representation R = T 2 . From the general expressions for κ j with 1 ≤ j ≤ 4, Eqs. (3.2)-(3.5), we calculate the following. In each expression, the + and − signs refer to the S 2 and A 2 special cases of T 2 , respectively: 
We comment on some factors in these κ j,T2 expressions. The property that the κ j,A2 coefficients contain an overall factor of (N c − 2) (possibly raised to a power higher than 1), and hence vanish for N c = 2, is a consequence of the fact that for N c = 2, the A 2 representation is a singlet, so for SU(2), fermions in the A 2 = singlet representation have no gauge interactions and hence no anomalous dimensions. Clearly, this property holds in general; i.e., the coefficients κ j,A2 for all j contain an overall factor of (N c −2) (as well as possible additional factors of (N c −2)).
As noted above, if N c = 2, then the S 2 representation is the same as the adjoint representation, so the coefficients must satisfy the equality κ j,S2 = κ j,adj for this SU(2) case, and we have checked that they do. Note that this equality requires (i) that the term proportional to ζ 3 in κ 3,S2 must be absent if N c = 2, since κ 3,adj does not contain any ζ 3 term, and, indeed, this is accomplished by the factor (N c − 2) multiplying the ζ 3 term in κ 3,S2 ; and (ii) the term proportional to ζ 5 in κ 4,S2 must be absent if N c = 2, since κ 4,adj does not contain any ζ 5 term, and this is accomplished by the factor (N c − 2) multiplying this ζ 5 term in κ 4,S2 . Similarly, as we observed above, if N c = 3, then the A 2 representation is the same as the conjugate fundamental representation,F , so the coefficients must satisfy the equality κ j,A2 = κ j,F for this SU(3) case, and we have checked that they do. We list values of the γ IR,S2,∆ p f with 1 ≤ p ≤ 4 for the SU(3) and SU(4) theories with R = S 2 in Table IV . In both of these theories, the interval I IRZ includes the two integer values N f = 2, 3. For comparison, we also include the values γ IR,S2,nℓ for 2 ≤ n ≤ 4 calculated via the conventional power series expansion to n-loop order and evaluated at α = α IR,nℓ from Table XI in our previous work, Ref. [19] . As is evident from this table, for a given We next compare our calculation of γψ ψ,IR,S2,∆ p f to order p = 4 with lattice measurements. A theory of particular interest is the SU(3) gauge theory with N f = 2 flavors of fermions in the S 2 representation, and lattice studies of this theory include [78] and [79] (see also [22] ). As indicated in Table IV , our higher-order scheme-independent results are γ IR,∆ 3 f = 0.960, and γ IR,∆ 4 f = 1.132. By comparison, our n-loop results from [19] for this theory are γ IR,3ℓ = 0.500 and γ IR,4ℓ = 0.470. The lattice study [78] concluded that this theory is IR-conformal and obtained γ IR < 0.45 [78] , while Ref. [79] concluded that it is not IR-conformal and got an effective γ IR ∼ 1 [79] . One hopes that further work by lattice groups will lead to a consensus concerning whether this theory is IR conformal or not and concerning the value of γ IR .
Regarding the range of applicability of the ∆ f expansion for these cases, we compute the following ratios of successive coefficients for the G = SU(3), R = S 2 case: The first two ratios, (3.83) and (3.84), are slightly larger than (∆ f ) max,S2 = 519/250 = 2.076 in I IRZ for this theory. However, the third ratio is about 40 % less than this maximal value of ∆ f,S2 . This suggests that because of slow convergence, one must use the ∆ f expansion with caution in the lower part of the interval I IRZ in this theory.
We list values of the γ IR,A2,∆ p f with 1 ≤ p ≤ 4 for the SU(4) theory with R = A 2 and N f ∈ I IRZ for this theory in Table V . Again, for comparison, we include the values γ IR,A2,nℓ for 2 ≤ n ≤ 4 calculated via the conventional power series expansion to n-loop order and evaluated at α = α IR,nℓ from Table XII in our previous work [19] . As expected, the agreement between the two methods of calculation is best at the upper end of the interval I IRZ , where the IRFP occurs at weak coupling. This the N c → ∞ limit of (3.73).
As with the adjoint representation, we definê We observe that for all of the cases we have calculated,
One can understand this relation from the structure of the relevant group invariants, including the fact that the trace invariant T (R) satisfies
We thus infer more generally that the relation (3.98) holds for all j. In Table VI we list the resultant common values of γ IR,T2,∆ p f for 1 ≤ p ≤ 4 and N f ∈ I IRZ in the LN limit. As noted above, in this LN limit, this interval consists of the integral values N f = 3, 4, 5.
Concerning the range of applicability of the ∆ f expansion in this LN limit, we compute the ratioŝ The first two ratios, (3.100) and (3.101), are slightly greater than the maximum value (∆ f ) max,T2 = 3.375, but the third ratio, (3.102), is smaller than this maximum value, suggesting that in this limit, for these tensor representations, because of slow convergence, one must use caution in applying the ∆ f expansion in the lower part of the interval I IRZ . This is similar to what we found for the S 2 representation in the SU(3) theory.
A. General G and R
The derivative β ′ IR is an important physical quantity characterizing the conformal field theory at α IR . We denote the gauge field of the theory as A 
and its evaluation at α = α IR as γ (3) and fermion representation R = F , the fundamental. Here we calculate the next higher-order coefficient, namely d 5 , for general G and R. For this purpose, we make use of the recent computation of the five-loop beta function coefficient, b 5 , in [17] . The computation in [17] was performed in the MS scheme, so that we can combine it with the scheme-independent b 1 and b 2 [7, 8] and the results for b 3 and b 4 that have also been calculated in the MS scheme [27, 28] . However, we again stress that since the d n coefficients are scheme-independent, it does not matter which scheme one uses to calculate them. We first recall our previous results from Ref. [13] :
, (4.7) and
(4.8)
In Ref. [13] we presented the expression for d 4 with terms written in order of descending powers of C A . It is also useful to express this coefficient d 4 in an equivalent form that renders certain factors of D explicit and shows the simple factorization of terms multiplying ζ 3 , and we have done this in Eq. (4.8).
Here we present our calculation of d 5 for arbitrary G and R:
We proceed to evaluate these coefficients d j up to j = 5, and hence the derivative β Here we present the evaluation of our general result (4.9) for the case G = SU(N c ) and R = F . For reference, we first recall our results from [13] for d j with 2 ≤ j ≤ 4 (and also recall that d 1 = 0 for all G and R):
, (4.10) In [16] we presented the expression for d 5,F with terms ordered as descending powers of N c . As with d 4,F , it is also useful to display this coefficient in an equivalent form that shows the simple factorizations of the terms multiplying ζ 3 and ζ 5 : In Table VIII we list the (scheme-independent) values that we calculate for β with N f extending down to the lower end of the respective intervals I IRZ for each value of N c , we caution that in a number of cases, including N f = 6 for SU (2) , N f = 9 for SU(3), and 10 ≤ N f ≤ 12 for SU(4), the corresponding values of α IR,2ℓ (discussed further below) are too large for the perturbative n-loop calculations to be applicable. Moreover, since for a considerable range of values of N f ∈ I IRZ for each N c , the five-loop beta function β 5ℓ calculated via the conventional power series expansion has no physical IR zero, we restrict the resultant β ′ IR,F,nℓ evalulations to 1 ≤ n ≤ 4 loops.
In Figs. 7-9 we plot the values of β ′ IR , calculated to order ∆ p f with 2 ≤ p ≤ 5, for R = F for the gauge groups SU(2), SU(3), and SU(4). In the general calculations of γ IR as a series in powers of ∆ f to maximal power p = 3 (i.e., order ∆ 3 f ) in [12] and, for G = SU(3) and R = F , to maximal power p = 4 in [14] , it was found that, for a fixed value of N f , or equivalently, ∆ f , in the interval I IRZ , these anomalous dimensions increased monotonically as a function of p. This feature motivated our extrapolation to p = ∞ in [12] to obtain estimates for the exact γ IR . In contrast, here we find that, for a fixed value of N f , or equivalently, ∆ f , in I IRZ , as a consequence of the fact that different coefficients d n do not all have the same sign, β
is not a monotonic function of p. Because of this non-monotonicity, we do not attempt to extrapolate our series to p = ∞. = 0.228. Given the possible contributions of higher-order terms in the ∆ f expansion, we consider that our scheme-independent calculation of β ′ IR to this order is also consistent with the lattice measurement from Ref. [83] .
To get a rough estimate of the range of accuracy and applicability of the series expansion for β ′ IR for this R = F case, we can compute ratios of coefficients, as discussed before. For the illustrative case of SU(3), we have (4.21) Therefore, these ratios suggest that the small-∆ f expansion may be reasonably reliable in most of this interval, I IRZ and the associated non-Abelian Coulomb phase.
The appropriately rescaled beta function that is finite in the LNN limit is
where ξ = 4πx = lim LN N αN c was defined in Eq. (3.21) . This has the series expansion
andb ℓ =b ℓ /(4π) ℓ . Theb ℓ with 1 ≤ ℓ ≤ 4 were analyzed in [20, 21] and are listed for the reader's convenience in the Appendix.
From the recent calculation of b 5 in [17] , for general G and R, in the MS scheme [ (In this expression although ζ 4 could be expressed explicitly as ζ 4 = π 4 /90, we leave it in abstract form to be parallel with the ζ 3 and ζ 5 terms.) We find that this coefficientb 5 is positive throughout the entire asymptotically free interval 0 ≤ r < 5.5. (Considered formally as a function of r ∈ R,b 5 is negative for r < −58.609, positive for −58.609 < r < 14.336, and negative for r > 14.336, where the numbers are quoted to the given floating-point accuracy.)
Since the derivative dβ ξ /dξ satisfies the relation 26) it follows that β ′ is finite in the LNN limit (3.21). In terms of the variable x defined in Eq. (3.23), we have
Because β ′ IR is scheme-independent and is finite in the LNN limit, one is motivated to calculate the LNN limit of the scheme-independent expansion (1.3). For this purpose, in addition to the rescaled quantities ∆ r defined in Eq. (3.30), we define the rescaled coefficient 28) which is finite. Then each term . This is the same property that was found in [20, 21] and, in the same way, it means that the approach to the LNN limit for finite N c and N f with fixed r = N f /N c is rather rapid, as discussed in [21] . In [13] we gave thed j,F for 1 ≤ n ≤ 4; in addition tod 1 = 0 (which holds for any G and R), these arê where the coefficients are given to the indicated floatingpoint precision. We may again calculate ratios of successive magnitudes of these coefficients to get a rough estimate of the range over which the small-∆ r expansion is reliable in this LNN limit. We find For r ∈ I IRZ,r , the maximal value of ∆ r is (∆ r ) max = 75/26 = 2.885. The first two ratios, (4.36) and (4.37) suggest that the ∆ r expansion for β ′ IR may be reasonably reliable over a reasonable fraction of the interval I IRZ,r . From the third ratio, (4.38), we infer that the expansion is expected to be more accurate in the upper portion of the interval I IRZ,r than the lower portion. In Ref. [13] we presented a comparison of these scheme-independent calculations of β ′ IR,LN N calculated up to the ∆ 4 r order with the results of conventional nloop calculations, denoted β ′ IR,nℓ,LN N , computed up to the n = 4 loop order for which the b n were known at that time. We refer the reader to [13] for details of this discussion. Here we shall extend this comparison to the ∆ 5 r order. In Table IX we list the numerical values of these conventional n-loop calculations up to n = 4, in comparison with our scheme-independent results calculated to O(∆ Table II of [13] .) Both β ′ IR,nℓ and β ′ IR,∆ n r use, as inputs, the coefficients of the beta function up to loop order n, although β ′ IR,∆ n r does this in a scheme-independent manner. We see that, especially for r values in the upper part of the interval I IRZ,r , the results are rather close, and, furthermore, that, as expected, for a given r, the higher the loop level n and the truncation order p in the respective calculations of β Since ∆ f = 0.75 for N f = 2, these ratios indicate that the small-∆ f expansion should be reasonably accurate here.
Here we present our results for the d j coefficients and hence β ′ IR,∆ j f with j up to 5 for G = SU(N c ) and N f fermions in the symmetric and antisymmetric rank-2 tensor representations, S 2 and A 2 . As before with γψ ψ,IR,∆ p f , since many formulas for these two cases are simply related to each other by sign reversals in certain terms, it is convenient to treat these two cases together, denoting them collectively as T 2 . We recall that for R = A 2 , we restrict to N c ≥ 3.
From our general formulas (4.5)-(4.9), we obtain the following, where the upper and lower signs refer to the S 2 and A 2 special cases of T 2 , respectively, and F ± was defined in Eq. (3.72):
and Table VII . Some general comments are in order concerning these d j,T2 expressions. These are analogous to the comments that we made for the κ j,T2 coefficients. The property that all of the d j,A2 coefficients contain an overall factor of (N c − 2) (possibly raised to a power higher than 1), and hence vanish for N c = 2, is a consequence of the fact that for N c = 2, the A 2 representation is a singlet, so for SU (2) , fermions in the A 2 = singlet representation have no gauge interactions and do not contribute to the beta function or β ′ IR . Furthermore, if N c = 2, then the S 2 representation is the same as the adjoint representation, so the coefficients must satisfy the equality d j,S2 = d j,adj for this SU (2) case, and we have checked that they do. This equality requires (i) that the term proportional to ζ 3 in d 4,S2 must be absent if N c = 2, since d 4,adj does not contain any ζ 3 term, and this is accomplished by the factor of (N c − 2) multiplying the ζ 3 term in d 4,S2 ; and (ii) the term proportional to ζ 5 in d 5,S2 must be absent if N c = 2, since d 5,adj does not contain any ζ 5 term, and this is accomplished by the factor (N c − 2) multiplying this ζ 5 term in d 5,S2 . Similarly, as observed before, if N c = 3, then the A 2 representation is the same as the conjugate fundamental representation,F , so the coefficients must satisfy the equality d j,A2 = d j,F for this SU(3) case, and we have checked that they do.
In the LN limit (3.22), as discussed above in the case of the anomalous dimension γ IR,T2 , the upper ends of the interval I IRZ for the S 2 and A 2 theories approach the same value, N u,T2 , given in Eq. (3.86), and similarly the lower ends of this interval for these S 2 and A 2 theories approach the same value, N ℓ,T2 , given in Eq. (3.87). We denoted To estimate the region over which the ∆ f expansion converges, we calculate the ratios of adjacent coefficients. We have
. Since formally, (∆ f ) max = 3.375 from Eq. (3.88) and ∆ f = 5.5 for N f = 2, these ratios indicate that the ∆ f expansion for the LN limit of this R = T 2 case should be reasonably accurate in the interval I IRZ for this case.
V. IR ZERO OF β ξ IN THE LNN LIMIT
In this section we analyze the zeros of the rescaled five-loop beta function in the LNN limit. This elucidates further the result that we first found for a finite value of N c , namely N c = 3, in [15] , namely that for SU(3), the five-loop beta function only has a physical IR zero in the upper range of the interval I IRZ . We denote the n-loop rescaled beta function (4.22) in this LNN limit as β ξ,nℓ , and its IR zero (if such a zero exists) as ξ IR,nℓ = 4πx IR,nℓ . The analytic expressions of ξ IR,2ℓ and ξ IR,3ℓ were given in [21] , together with numerical values of ξ IR,nℓ for 1 ≤ n ≤ 4. Here we extend these results to the five-loop level, using the coefficientb 5 in Eq. (4.25) . As noted before, we use theb n with 3 ≤ n ≤ 5 calculated in the MS scheme. The reader is referred to [21] for analysis of these zeros up to the four-loop level.
In general, the IR zero of the n-loop beta function, β ξ,nℓ , is the positive real root closest to the origin (if such a root exists) of the equation To analyze the roots of this equation, it is natural to start with r in the vicinity of r u = 11/2, whereb 1 → 0 and hence one solution of Eq. (5.2) approaches zero, matching the behavior of x IR,nℓ for 2 ≤ n ≤ 4 in this limit. As we reduce r from the value r u in the interval I IRZ,r , we can thus calculate how the physical IR root, x IR,5ℓ = ξ IR,5ℓ /(4π), changes. We find that, in contrast to the behavior of the IR zero of the lower-loop beta functions β ξ,nℓ with 2 ≤ n ≤ 4, here at the five-loop level, as r decreases past a certain value r cx , Eq. (5.2) (withb n , n = 3, 4, 5 calculated in the MS scheme) ceases to have a physical IR zero. We find that the value of r cx is r cx = 4.32264 , 2) has the solutions in x, expressed in terms of ξ = 4πx: ξ = 0.36300, 1.69540, and −1.48884 ± 1.08446i. Of these, we identify the first as the IR zero, ξ IR,5ℓ . As r decreases and approaches r cx from above, the two real roots approach a common value, ξ ≃ 1.312 and as r decreases below r cx , Eq. (5.2) has only two complex-conjugate pairs of solutions, roots, but no real positive solution. In Table X we list our new results for ξ IR,5ℓ , in comparison with the previously calculated values of ξ IR,nℓ in the LNN limit with 2 ≤ n ≤ 4 from Table III of [21] . Although we list ξ IR,nℓ values extending to the lower part of the interval I IRZ,r for completeness, it is clear that a number of these values are too large for the perturbative calculations to be reliable. For values of r where the five-loop beta function (calculated in the MS scheme) has no physical IR zero, we denote this as unphysical (u). We note that the absence of a physical IR zero in the five-loop beta function (calculated in the MS scheme) for N f values in the lower portion of the interval I IRZ does not necessarily imply that higher-loop calculations would yield similarly unphysical results. We gave an example of this in Section VIII of the second paper in [38] , using an illustrative exact beta function. In this example, it was shown that a certain order of truncation of the Taylor series expansion in powers of α for this beta function did not yield any physical IR zero, but higher orders did converge toward this zero.
A. General G and R Since the exact α IR (and also the n-loop approximation to this exact α IR ) vanishes as functions of ∆ f , it follows that one can expand it as a power series in this variable. This expansion was given above as Eq. (2.9), and it was noted that the calculation of the coefficient a j requires, as input, the ℓ-loop beta function coefficients b ℓ with 1 ≤ ℓ ≤ j + 1. We denote the truncation of this infinite series (2.9) to maximal power j = p as α IR,∆ p f . Here we present a calculation of this series to O(∆ 4 f ), which is the highest order to which it has been calculated. Since α IR is scheme-dependent, it follows that the a j coefficients in Eq. (2.9) are also scheme-dependent, in contrast to the scheme-independent coefficients κ j and d j in Eqs. (1.2) and (1.3). Nevertheless, it is still worthwhile to calculate these coefficients a j and the resultant finite-order approximations α IR,∆ is always physical and thus avoids the problem that we found in [15] and have further studied above, that the five-loop beta function calculated in the MS scheme does not have a physical IR zero in the lower part of the interval I IRZ . In [14] , for the special case G = SU(3) and R = F , we presented the a j (denotedã j there) for 1 ≤ j ≤ 4.
Here, as a new result, we present the expressions for the a j for arbitrary G and R, for 1 ≤ j ≤ 4. For this purpose, we use the n-loop beta function coefficients b n with 3 ≤ n ≤ 5 calculated in the MS scheme. In particular, our result for a 4 makes use of the recently calculated five-loop beta function for general G and R [17] .
For general G and R, recalling the definition of the denominator factor D = 7C A + 11C f in Eq. (3.1), we find
We next specialize to the case G = SU(N c ) and give explicit reductions of these general formulas for the representations of interest here.
B. R = F
For R = F , our general results (6.1)-(6.4) reduce to the following expressions: We have checked that setting N c = 3 in our new a 4 coefficient in Eq. (6.8) yields agreement with the value that we obtained previous for this special case in (Eq. (14) of) Ref. [14] . We comment next on the signs of these coefficients. The coefficient a 1 is manifestly positive for arbitrary group G and fermion representation R. We find that a 2,F and a 3,F are also positive for all physical N c ≥ 2. In contrast, we find that a (6.18)
For R = adj, our general results (6.1)-(6.4) reduce to the following expressions: 
The coefficients a j,adj with j = 1, 2, 4 are manifestly positive, and we find that a 3,adj is also positive for all N c ≥ 2.
Since for the adjoint representation, R = adj, the upper and lower boundaries of the interval I IRZ , N u,T2 = 11/2 in Eq. (3.58) and N ℓ,adj = 17/16 in (3.59), are independent of N f , it follows that ∆ f = N u − N f is also independent of N c . From the general formula (2.9), in the LN limit of a theory with fermions in a two-index representation R 2 , including the adjoint and symmetric and antisymmetric tensors, we can write 
For R equal to the symmetric or antisymmetric rank-2 tensor representations, S 2 and A 2 , we give the reductions of our general results (6.1)-(6.4) next. As before, it is convenient to consider these together, since many terms differ only by sign reversal. As above, the upper and lower signs refer to the S 2 and A 2 representations, respectively. Also, as before, for A 2 , we require that N c ≥ 3. Recalling the definition of the denominator factor F ± in Eq. (3.72), we have
The same general comments that we made before concerning factors in the κ j,T2 and d j,T2 coefficients also apply here. Thus, for arbitrary j, the a j,A2 coefficients contain at least one overall factor of (N c − 2) and hence vanish for N c = 2, as a result of the fact that for N c = 2, the A 2 representation is a singlet, so for SU (2) , fermions in the A 2 = singlet representation are free fields and hence make no contribution to the beta function. Moreover, if N c = 2, then the S 2 representation is the same as the adjoint representation, so the a j coefficients must satisfy the equality a j,S2 = a j,adj for this SU(2) case, and we have checked that they do. Similarly, if N c = 3, then the A 2 representation is the same as the conjugate fundamental representation,F , so these coefficients must satisfy the equality a j,A2 = a j,F for this SU(3) case, and we have checked that they do.
We next consider the LN limit of the theory with fermions in the S 2 or A 2 representations. Using the definition (6.24) with R 2 = S 2 and R 2 = A 2 , we find that a j,S2 =â j,A2 (6.33) so we denote these simply asâ j,T2 . In general, for the same group-theoretical reasons as led to the LN relationκ j,T2 = 2 In conclusion, in this paper we have presented a number of new results on scheme-independent calculations of various quantities in an asymptotically free vectorial gauge theory having an IR zero of the beta function. We have presented scheme-independent series expansions of the anomalous dimension γψ ψ,IR to O(∆ , increases monotonically with the order p. For the representation R = F , we have presented results for the limit N c → ∞ and N f → ∞ with N f /N c fixed. These higher-order results have been applied to obtain estimates of the lower end of the (IR-conformal) non-Abelian Coulomb phase. We have confirmed and extended our earlier finding that our expansions in powers of ∆ f should be reasonably accurate throughout a substantial portion of the nonAbelian Coulomb phase. We have also given expansions for α IR calculated to O(∆ 4 f ) which provide a useful complementary approach to calculating α IR . Our schemeindependent calculations of physical quantities at a conformal IR fixed point yield new information about the properties of a conformal field theory. 
